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Abstract
The theory of weak localization is generalized for multilevel 2D systems taking
into account intersubband scattering. It is shown that weak intersubband
scattering which is negligible in a classical transport, affects strongly the weak-
localization correction to conductivity. The anomalous magnetoresistance is
calculated in the whole range of classically low magnetic fields. This correction
to conductivity is shown to depend strongly on the ratios of occupied level
concentrations. It is demonstrated that at relatively low population of the
excited subband, it is necessary to use the present theory because the high-
field limit asimptotics is shown to be achieved only in classical magnetic fields.
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I. INTRODUCTION
Weak localization phenomenon is an interference of waves propagating along the same
paths in opposite directions. Phase and spin relaxation processes or magnetic field destroy
the interference and therefore can make observable the weak localization effect. The most
remarkable manifestation of the phenomenon is the anomalous behavior of resistance in
classically weak magnetic fields. This effect takes place when the magnetic length, lB, is
simultaneously comparable to characteristic kinetic lengths.
In very low magnetic fields, when the mean free path, l, is much less than lB the coherence
is lost at long trajectories. This is so-called diffusion regime of weak localization, and the
corresponding characteristic size is the dephasing length, lϕ. In higher fields, when lB ∼ l,
the short trajectories passing through several scatterers contribute to weak localization. This
regime is called non-diffusion.
The anomalous magnetoresistance was widely investigated both theoretically and exper-
imentally in bulk semiconductors and metals, thin films and ultra-quantum two-dimensional
(2D) structures. A comparison of theory and experimental data allowed to determine the
kinetic parameters as times and lengths of elastic relaxation and dephasing.1
Recently magnetotransport has been investigated in more complicated systems which
are between 3D and 2D ones. The weak localization experiments were performed on 2D
multivalley semiconductors2, quantum wells with two or several occupied levels of size
quantization,3–5 doped δ-layers,6 and on tunnel-coupled quantum wells.7 In these quasi-
two-dimensional (quasi-2D) systems, the intersubband scattering takes place. It leads to
effective averaging of the kinetic parameters corresponding to different levels, and therefore
affects a magnitude and behavior of magnetotransport characteristics.8 Quasi-2D systems
are very attractive objects for study of weak localization because even rare intersubband
transitions affect it strongly. Usually the scattering time for transition between αth and
βth subbands, ταβ (α 6= β), exceeds enough the total momentum relaxation times in sub-
bands, τα, therefore an influence of intersubband scattering on classical magnetotransport
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is insignificant. In opposite, the dependence of weak-localization correction to conductivity
on magnetic field, ∆σ(B), is determined by the dephasing time τϕα exceeding τα. There-
fore at ταβ long with respect to τα but comparable to τ
ϕ
α , intersubband scattering affects
weak-localization correction strongly.
To describe the experimental data, one needs the weak-localization theory taking into
account the intersubband scattering for the whole range of classicaly low magnetic fields.
However the theory was developed only for simple systems with one populated level.9 The
intersubband scattering was considered only in the diffusion regime.10–14
The aim of the present paper is to develop the theory of weak localization in quasi-
2D systems for the whole range of classically low magnetic fields. It is the theory that is
necessary for quantitative determining of kinetic parameters of structures by comparison
with experimental data.
The paper is organized as follows. In Section II we derive the expressions for the weak-
localization correction to the conductivity. Section III is devoted to the detailed analysis of
two occupied subband system. The main results are given briefly in Conclusion.
II. THEORY
Since intersubband scattering is accompanied by large transfer of the momentum, it is
caused mainly by the short-range part of the potential. Therefore to attract attention to
effect of the intersubband transitions, the scattering is assumed to be from short-range po-
tential, e.g. impurities. The main weak-localization corrections to the conductivity appear
in the first order in the parameter (kF l)
−1, where kF is the Fermi wavevector. The corre-
sponding diagrams for the corrections are presented in Fig. 1. The dashed lines conform to
the correlation function of the total potential V (ρ, z), where ρ = (x, y) are the coordinates
in the 2D plane and z is the perpendicular direction. Providing δ-scattering, this correlator
has the form
〈V (ρ, z)V (ρ′, z′)〉 = Wδ(ρ− ρ′)δ(z − z′)f(z) . (1)
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Here the averaging is performed over the impurity positions, f(z) is the function of scatterer
distribution, and W is the factor dependent on intensity and concentration of scatterers.
The solid lines in the diagrams describe the Green functions of the quasi-2D electron gas in
an external magnetic field. We assume the condition of a “good conductor” to be fulfilled
for all subbands
µατα/h¯≫ 1 , (2)
and the energy distances between subbands are large
|µα − µβ| ≫ h¯/τα . (3)
Here µα is the chemical potential counted from the bottom of the α
th subband, and τα is
the momentum relaxation time of carriers in the subband,
1/τα =
∑
β
1/ταβ , (4)
where ταβ = τβα is the scattering time between the α
th and βth subbands, and summation
is performed over all occupied levels of size quantization. Since ταβ arises due to scattering
from impurities, it is defined by the following relation
1/ταβ =
2pi
h¯
NFW
∫
f(z)u2α(z)u
2
β(z)dz , (5)
where NF = m/(2pih¯
2) is the density of states at Fermi level with a fixed spin, and m is the
electron effective mass in the 2D plane.
The advanced and retarded Green functions are diagonal in subband indices under con-
ditions (2), (3)15,16
GA,R(ρ, z,ρ′, z′) =
∑
α
GA,Rα (ρ,ρ
′)uα(z)uα(z
′) ,
GA,Rα (ρ,ρ
′) =
∑
Nky
ψNky(ρ)ψ
∗
Nky
(ρ′)
µα − h¯ωc(N + 1/2)± ih¯/2τα ± ih¯/2τϕα . (6)
Here ψNky(ρ)uα(z) is the electron wave function in the heterostructure in the Landau gauge
with the vector potential directed along the y axis, N and ky are the number of the Lan-
dau level and the value of the in-plane wavevector, ωc is the cyclotron frequency, and the
dephasing time τϕα (τ
ϕ
α ≫ τα) describes inelastic scattering.
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In a classically weak magnetic field, when ωcτα ≪ 1, the field dependence appears only
in the phase of the Green functions, similarly to the case of one subband occupation:
GA,Rα (ρ,ρ
′) = exp [iΦ(ρ,ρ′)]G(0)A,Rα (ρ− ρ′) . (7)
The phase factor is given by
Φ(ρ,ρ′) =
(y′ − y)(x′ + x)
2l2B
, (8)
and G(0)A,R are the Green functions in zero mangetic field
G(0)A,Rα (ρ− ρ′) = −2NFK0
[
±ikα|ρ− ρ′|+ |ρ− ρ
′|
2lα
(
1 +
lα
lϕα
)]
, (9)
where lB =
√
h¯c/|e|B is the magnetic length, with e < 0 and B being the electron charge
and magnetic field, K0 is the McDonald function, kα, lα = h¯kατα/m and l
ϕ
α = h¯kατ
ϕ
α /m
are the Fermi wavevector, the mean free path and the dephasing length in the αth subband,
respectively.
Figs. 1a-d show all types of diagrams contributing to the anomalous magnetoconductivity.
The similar diagrams with two scattering lines are depicted in Fig. 1e.
The latter are special. In the papers17,18 they were calculated incorrect way and therefore
a non-physical divergence was obtained. It was noted in Ref. 9 that two-impurity line
diagrams correspond to non-self-crossing trajectories which have zero magnetic flux passing
through them and, hence, a field does not change this correction to the conductivity, ∆σ2.
In Ref. 19 the contribution was investigated in more detail. It was shown formally that ∆σ2
is independent of magnetic field and its value has an order of e2/h¯. However the calculation
of ∆σ2 was not performed. It was claimed in Ref. 20 that ∆σ2 = 0, however the proof of
this statement was absent.
Thus, ∆σ2 i) has never been calculated and ii) it was claimed without proof that ∆σ2 = 0.
Below we calculate this contribution and show that it is not equal to zero.
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A. Contribution from the diagrams with two scattering lines
The expression for the conductivity correction from the diagrams with two scattering
lines (Fig. 1e) has the form
∆σ2 =
h¯
2pi
∑
αβγδ
W 2αβγδ
∫ ∫
dρ1dρ2 J
RA
α (ρ2,ρ1) ·
[
JARβ (ρ2,ρ1)G
A
γ (ρ1,ρ2)G
R
δ (ρ1,ρ2)+
JARβ (ρ1,ρ2)G
A
γ (ρ1,ρ2)G
A
δ (ρ2,ρ1) + J
AR
β (ρ1,ρ2)G
R
γ (ρ1,ρ2)G
R
δ (ρ2,ρ1)
]
. (10)
Here the spin degeneracy has been taken into account,
Wαβγδ =W
∫
f(z)uα(z)uβ(z)uγ(z)uδ(z)dz , (11)
and the current vertex is defined as
JRAα (ρ,ρ
′) =
∫
dρ1G
R
α (ρ,ρ1) Jˆ(ρ1)G
A
α (ρ1,ρ
′) , (12)
where Jˆ is the electric current operator. In classically low magnetic fields, the vertices have
the form
JRAα (ρ,ρ
′) = JARα (ρ,ρ
′) = exp [iΦ(ρ,ρ′)]J (0)α (ρ− ρ′) , (13)
where J (0) is the current vertex in zero magnetic field
J (0)α (ρ− ρ′) =
eτα
m
∇ρ
[
G(0)Rα (ρ− ρ′)−G(0)Aα (ρ− ρ′)
]
. (14)
One can see, the conductivity correction ∆σ2 is independent of magnetic field, because
the current vertices in (10), Jα(ρ2,ρ1), contain the phase factor which is complex conjugated
to that contained in Gβ(ρ1,ρ2).
Taking into account (7), (9), (13), (14) and providing the limits kαlα →∞, lα/lϕα →∞,
we obtain the contribution of the diagrams with two impurity lines
∆σ2 = − e
2
pi4h¯
∑
αβγδ
(
2pi
h¯
NFWαβγδ
)2
τατβ
×kαkβ
∞∫
0
dρρ [K1 (ikαρ) +K1 (−ikαρ)] [K1 (ikβρ) +K1 (−ikβρ)]
× [K0 (ikγρ)K0 (−ikδρ) − K0 (ikγρ)K0 (ikδρ)−K0 (−ikγρ)K0 (−ikδρ)] . (15)
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The asymptotic expansions for K0 and K1 at large arguments have not to be used for
calculation of ∆σ2, otherwise the integrand tends to infinity at ρ→ 0. It is the mistake that
was done in Refs. 17,18.
Eq. (15) shows that the diagrams with two impurity lines give rise to non-zero contri-
bution to the conductivity contrary to the notice in Ref. 20. For the case of one occupied
subband, we obtain (see Appendix)
∆σ2 = − e
2
pi2h¯
ln 2 . (16)
B. Magnetoconductivity calculation
Now, we consider the weak-localization corrections which do contribute to the anomalous
magnetoresistance. The corresponding diagrams are presented in Fig. 1a-d. One can show
the terms c) and d) cancel out each other similarly to the case of one occupied subband.
Thus the field-sensitive conductivity correction has the form
∆σ = ∆σ(a) +∆σ(b) , (17)
∆σ(a) =
h¯
2pi
∑
α
∫
dρ1dρ2 J
RA
α (ρ2,ρ1) · JARα (ρ2,ρ1) C(3)αα(ρ1,ρ2) , (18)
∆σ(b) =
h¯
pi
∑
αβ
∫
dρ1dρ2dρ3
[
JRAxα (ρ3,ρ1)J
AR
xβ (ρ1,ρ2)C(2)βα (ρ2,ρ3)GAβ (ρ1,ρ2)GAα (ρ3,ρ1)
+ JRAxα (ρ1,ρ2)J
AR
xβ (ρ3,ρ1)C(2)αβ (ρ2,ρ3)GRβ (ρ3,ρ1)GRα (ρ1,ρ2)
]
Wααββ , (19)
where Jxα is the x-projection of the vector Jα, and the Cooperons C(2) and C(3) are the sums
of the fan internal parts of the corresponding diagrams starting with two and three lines,
respectively. In general, these parts depend on four subband indices. However one can show
the Cooperons are diagonal in the pairs of indices due to the relations (2), (3) similarly to
the Green functions (see Eq. 6).
The Cooperons C(2) and C(3) can be found from the following systems of equations
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C(2)αβ (ρ,ρ′) =
2piNF
h¯
∑
γ
WααγγWγγββτγPγ(ρ,ρ
′)
+
2piNF
h¯
∑
γ
Wααγγτγ
∫
dρ1Pγ(ρ,ρ1)C(2)γβ (ρ1,ρ′) , (20)
C(3)αβ (ρ,ρ′) = C(2)αβ (ρ,ρ′)−
2piNF
h¯
∑
γ
WααγγWγγββτγPγ(ρ,ρ
′) ,
where
Pα(ρ,ρ1) =
h¯
2piNF τα
GAα (ρ,ρ1)G
R
α (ρ,ρ1) . (21)
In order to solve the systems (20), we expand the kernel of the integral operator,
Pα(ρ,ρ1), in series of the 2D wave functions of a particle with the mass m and the charge 2e
under a perpendicular magnetic field in the Landau gauge, χNky(ρ). In this basis, Pα(ρ,ρ1)
is diagonal:9,18
Pα(ρ,ρ1) =
∑
Nky
Pα(N)χNky(ρ)χ
∗
Nky
(ρ1) . (22)
From Eqs. (20) it follows that C(2)αβ (ρ,ρ1) and C(3)αβ (ρ,ρ1) are also diagonal in this basis:
C(2,3)αβ (ρ,ρ1) =
h¯
2piNF
∑
Nky
C(2,3)αβ (N)χNky(ρ)χ∗Nky(ρ1) . (23)
The asymptoticses for the Green functions and the current vertex at long distances,
|ρ−ρ′|kα ≫ 1, can be used for calculation of the diagrams with three or more dashed lines.
The corresponding expressions are
G(0)A,Rα (ρ− ρ′) ≈ −NF
√
2pi
kα|ρ− ρ′| exp
[
∓ipi
4
∓ ikα|ρ− ρ′| − |ρ− ρ
′|
2lα
(
1 +
lα
lϕα
)]
, (24)
J (0)α (ρ− ρ′) ≈ i
e
h¯
lα
[
G(0)Rα (ρ− ρ′) +G(0)Aα (ρ− ρ′)
] ρ− ρ′
|ρ− ρ′| . (25)
Thus, the coefficients for the expansion of the kernel are given by
Pα(N) =
lB
lα
∞∫
0
dx exp
[
−xlB
lα
(
1 +
lα
lϕα
)
− x
2
2
]
LN(x
2) , (26)
where LN are the Laguerre polinomials. The values C(2)(N) and C(3)(N) are defined by the
following systems of linear equations
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∑
γ
(
δαγ − τγ
ταγ
Pγ(N)
)
C(2)γβ (N) =
∑
γ
τγ
ταγτγβ
Pγ(N) ,
C(3)αβ (N) = C(2)αβ (N) −
∑
γ
τγ
ταγτγβ
Pγ(N) . (27)
Neglecting the rapidly oscillating terms GRGR and GAGA and taking into accout the ex-
pansions (22), (23), we obtain
∆σ(a) = − e
2
pi2h¯
∑
α
l2α
l2B
τα
∞∑
N=0
Pα(N) C(3)αα(N) . (28)
Expanding the expression Pα(ρ,ρ
′)
ρ− ρ′
|ρ− ρ′| in series of the functions χNky(ρ), one can also
find
∆σ(b) =
e2
pi2h¯
∑
αβ
lαlβ
l2B
τατβ
ταβ
∞∑
N=0
Qα(N)Qβ(N)
1
2
[
C(2)αβ (N) + C(2)βα (N + 1)
]
, (29)
where
Qα(N) =
lB
lα
1√
N + 1
∞∫
0
dx x exp
[
−xlB
lα
(
1 +
lα
lϕα
)
− x
2
2
]
L1N (x
2) . (30)
with L1N being the associated Laguerre polinomials.
Eqs. (28,29) describe the weak-localization correction to conductivity, ∆σ, in the whole
range of classically-weak fields, ωcτ ≪ 1, when lB may be both larger and smaller than lα.
Now we consider the limiting cases.
In the zero-field limit, the large number of terms, up to N ∼ (lB/lα)2, is essential in the
sums (28,29). Therefore to provide the calculation of ∆σ(0), the summation over N should
be replaced by integration with the following zero-field asymptoticses
Pα(N) ≈ 1√
(1 + lα/l
ϕ
α)2 + 4N(lα/lB)2
, Qα(N) ≈ 1− (1 + lα/l
ϕ
α)Pα(N)
2
√
Nlα/lB
.
In low fields,
lB ∼
√
lαl
ϕ
α ≫ lα , (31)
the so-called diffusion approximation is valid. The interference is destroyed at long tra-
jectories, where particles experience many scattering events and, hence, their motion is a
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diffusion. In the frame of the approach, one can calculate the difference between quantum
corrections in finite and zero fields ∆σ(B)−∆σ(0). To obtain the expression, the Cooper-
ons determined from the system (27) should be sought in the form of diffusion poles.13 The
difference ∆σ(B) − ∆σ(0) due to the diagrams b) in Fig. 1 are small in fields (31), and
therefore the correction behavior is defined by the low-field asymptotics of ∆σ(a) only. The
value of the conductivity correction in zero field itself, ∆σ(0), calculated with the diffusion
approach is correct at ln (τϕα /τα)≫ 1 that is not realized practically.
In the particular case of two occupied subband system, the diffusion approximation yields
the following magnetoconductivity correction
∆σ(B)−∆σ(0) = e
2
2pi2h¯
[
f2
(
l˜21
l2B
)
+ f2
(
l˜22
l2B
)]
, (32)
where f2(x) = ln x+ ψ(1/2 + 1/x), and ψ(y) is the digamma-function. The lengths l˜1,2 are
given by12,13
l˜21,2 =
4 l1l2
l2
l1
τ1
t1
+
l1
l2
τ2
t2
±
√√√√( l2
l1
τ1
t1
− l1
l2
τ2
t2
)2
+ 4
τ1τ2
τ 212
,
where the corresponding times are
1
t1,2
=
1
τ
(1,2)
ϕ
+
1
τ12
.
In the high-field limit, lB ≪ lα, the weak-localization corrections to the conductivity
have the following asymptoticses
∆σ(a) ≈ − e
2
pi2h¯
λ(a)
∑
αβγ
lBlα
lβlγ
τατβτγ
ταβτβγτγα
,
∆σ(b) ≈ e
2
pi2h¯
λ(b)
∑
αβγ
lB
lα
τατβτγ
ταβτβγτγα
, (33)
where the constants λ(a) and λ(b) are given by
λ(a) =
∞∑
N=0

 ∞∫
0
dx exp
(
−x
2
2
)
LN(x
2)


3
≈ 2.7 , (34)
λ(b) =
∞∑
N=0
1
N + 1

 ∞∫
0
dxx exp
(
−x
2
2
)
L1N (x
2)


2 
 ∞∫
0
dx exp
(
−x
2
2
)
LN(x
2) + LN+1(x
2)
2

 ≈ 0.94 .
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III. RESULTS AND DISCUSSION
In this section, we consider the system with two size-quantized levels in detail. To make
the consideration closer to experimental applications, each subband will be described with
the concentration of carriers nα = k
2
α/2pi.
In Fig. 2 the solid curves present the dependence of weak-localization correction to the
conductivity, ∆σ, on magnetic field at various intersubband scattering rates and different
level occupations. We assume here that the total relaxation times in the subbands coincide,
τ1 = τ2, and the dephasing times are also identical and equal to 10τ1. Fig. 2a shows the
case of frequent intersubband transitions, τ12 ∼ τ1 ≪ τϕ1 . Fig. 2b corresponds to relatively
rare transitions when the intersubband scattering time is comparable to that of dephasing,
τ12 ∼ τϕ1 ≫ τ1. Fig. 2c depicts the case of isolated levels, τ12 ≫ τ1, τϕ1 .
In the presence of intensive intersubband scattering (Fig. 2a), the magnitude of the weak-
localization conductivity correction depends strongly on the excited level occupation in the
whole range of magnetic fields. In the opposite case of the relatively weak intersubband
scattering, when τ12 ≫ τ1 (Figs. 2b, 2c), ∆σ is practically independent of n2/n1 in zero
field. The dependence appears in finite fields only, when the magnetic length is comparable
with the mean free paths. The reason is the influence of subband concentration on the mean
free path which determines the scale of the changing of the weak-localization correction in
magnetic field but the value of ∆σ at B = 0.
If intersubband scattering is weak enough (Figs. 2b,2c), its role is restricted to addi-
tional dephasing. Therefore the difference between the curves presented in Figs. 2b,2c and
corresponded to the same ratio n2/n1 appears in low fields rather.
The changes of the weak-localization correction in magnetic field, ∆σ(B)−∆σ(0), calcu-
lated in the frame of diffusion approximation with Eq. (32) are presented in Fig. 2 with the
dashed curves. This theory is seen to give the reduced absolute value of ∆σ in intermediate
fields so that lB <
√
llϕ (see Eq. (31)).
The dotted curves in Fig. 2 present the high-field limit (lB ≪ l1, l2) dependences of
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the anomalous magnetoconductivity (33). If the subband concentrations are comparable
(n2/n1 = 0.5 in Fig. 2), l1 ∼ l2, then the weak-localization correction reaches its asymptotic
behavior in the range of classically weak magnetic fields. In the opposite case, l2 ≪ l1, the
asymptotics of ∆σ corresponding to the excited subband takes place at so high fields that
the magnetoconductivity of the ground subband is likely to be of classical nature.
Thus, Fig. 2 shows clearly that the anomalous magneticonductivity in the whole magnetic
field range should be described with the exact expressions (28,29) particularly in the case of
relatively small excited subband occupation.
Fig. 3 presents the dependence of the quantum conductivity correction in zero magnetic
field, ∆σ(0), on the ratio of the subband concentrations. In the absence of intersubband
scattering (solid curve), ∆σ(0) is not affected by the ratio n2/n1 because the correction
∆σ(a)(0) + ∆σ(b)(0) of any independent 2D level is universal and equals to − e
2
2pi2h¯
ln
(
τϕ
2τ
)
.
If intersubband transitions take place then ∆σ(0) does depend on n2/n1. However at weak
scattering, τ12 ≫ τ1 (dashed curve), the dependence is insignificant. The effect of intersub-
band scattering is the decreasing of the absolute value, |∆σ(0)|, with respect to the isolated
level case. Since weak intersubband scattering acts as an additional dephasing, the effective
dephasing time becomes shorter and therefore |∆σ(0)| decreases. At intensive scattering,
τ12 ∼ τ1 (dotted curve), the magnitude of the conductivity correction changes in several
times in the shown range of the concentration ratio.
Moreover, one can say that the increasing of the intersubband scattering intensity causes
the transition from two-level into one-level system. Indeed, in the absence of intersubband
scattering, two independent levels exist. In the case of intensive intersubband scattering,
τ12 ∼ τ1, the level division does not take place. There is only one subband effectively with
the averaged kinetic parameters. Since the total and dephasing subband times are chosen to
be identical respectively, τ1 = τ2, τ
ϕ
1 = τ
ϕ
2 , the average parameters of the ’effective subband’
coincide with those of separate subbands at the same level occupations, n1 = n2. The
one-level weak-localization correction to conductivity is universal and independent of the
level occupation. Therefore at n1 = n2 the magnitude of |∆σ| for intensive intersubband
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scattering is half as much as for isolated subband system. This difference by a factor of
2 in zero field can be seen in Fig. 3. In the case of the arbitrary level concentration ratio
the quantum conductivity correction depends on the intersubband scattering intensity in
complicated manner.
Fig. 4 demonstrates the high-field limit asymptotics of the conductivity correction (33),
−∆σ(B) × l1/lB, as a function of level occupation ratio. The analysis of Eq. (33) shows
the averaging caused by intersubband scattering is complicated and even can change the
functional dependence of ∆σ on the level concentrations. It is demonstrated by the curves
presented in Fig. 4 and corresponded to different intersubband scatering rates. Specifically,
in the absence of intersubband scattering (solid curve) the levels contribute to the conduc-
tivity correction independently
∆σ(B) ≈ − e
2
pi2h¯
(λ(a) − λ(b))
(
lB
l1
+
lB
l2
)
. (35)
In the case of very intensive intersubband scattering (dotted curve) the high-field limit
expression has the form
∆σ(B) ≈ − e
2
pi2h¯
1
2
[
λ(a)
lB(l1 + l2)
3
4l21l
2
2
− λ(b)
(
lB
l1
+
lB
l2
)]
. (36)
One can see the quantum corrections obtained with (35) and (36) at the same level concen-
trations, n1 = n2, differs by a factor of 2 similarly to the zero field case.
The dependences described in Figs. 2-4 are able to be traced in real quasi-2D struc-
tures by variation of the excited subband population as it has been performed in other
magnetotransport experiments (see e.g. Ref. 21).
IV. CONCLUSION
The theory of weak localization has been developed for multilevel 2D systems in the
whole range of classically weak magnetic fields. Both the diffusion approximation and high-
field limit asymptotics have turned out to describe the magnetoconductivity behavior in
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very narrow field ranges. For the first time the contribution to the conductivity from all of
the self-crossed diagrams has been calculated. It has been shown that the weak-localization
correction to conductivity depends strongly on the level concentration ratio and intersub-
band scattering intensity. Specifically, at the comparable level occupations and the same
relaxation times, the conductivity correction of theM-subband system decreases inM times
when transiting from the isolated levels to the case of intensive intersubband scattering. The
detailed calculations have been performed for the widely investigated system with two oc-
cupied size-quantized levels. The results are presented in the form making allowance for
comparison with experimental observations.
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APPENDIX A:
Let introduce the Fourier-images of the Green fuctions in zero magnetic field (9)
GA,Rα (k) =
1
µα − h¯2k2/2m± ih¯/2τα ± ih¯/2τϕα
. (A1)
From (14) it follows that
J (0)α (ρ− ρ′) =
ieτα
m
∑
k
k
[
GRα (k)−GAα (k)
]
exp [ik · (ρ− ρ′)] . (A2)
Using Eqs. (10,A1,A2) we obtain the following expression for ∆σ2
∆σ2 = − e
2h¯
2pim2
∑
αβγδ
W 2αβγδτατβ
∑
k1k2k3
k1 · k2
[
GAα (k1)−GRα (k1)
] [
GAβ (k2)−GRβ (k2)
]
(A3)
[
GAγ (k3)G
R
δ (k1 + k2 + k3) +G
A
γ (k3)G
A
δ (k1 + k2 + k3) +G
R
γ (k3)G
R
δ (k1 + k2 + k3)
]
.
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It is clear this expression could be obtained calculating the diagrams in k-space from the
beginning.
Neglecting the rapidly-oscillating terms GAGA and GRGR, we get
∆σ2 = − e
2h¯
4pim2
∑
αβγδ
W 2αβγδτατβ
×


∑
qkk′
k · (k − q)
[
GAα (k)G
R
β (q − k) +GRα (k)GAβ (q − k)
]
GAγ (k
′)GRδ (k
′ + q) (A4)
+
∑
qkk′
k · k′
[
GAα (k)G
R
γ (q − k)GAβ (k′)GRδ (q − k′) +GRα (k)GAγ (q − k)GRβ (k′)GAδ (q − k′)
]
 .
Note that both sums over qkk′ converge and, hence, can be calculated separately.
Taking into account that the sums over k containing the products GAα(k)G
R
β (q − k) are
diagonal in subband indices (∼ δαβ) due to the conditions (2,3), we obtain
∆σ2 = − e
2
pih¯
∫ d2q
(2pi)2
∑
αβ
τατβ
τ 2αβ
[
l2αP˜α(q)Pβ(q)− lαlβQα(q)Qβ(q)
]
. (A5)
Here
Pα(q) =
h¯
2piNF τα
∑
k
GAα (k)G
R
α (k − q) ,
P˜α(q) =
h¯
2piNF τα
∑
k
GAα (k)G
R
α (k − q)
(
1− q · k
k2α
)
, (A6)
Qα(q) =
h¯
2piNF τα
∑
k
i cos (ϕk − ϕq)GAα (k)GRα (k − q) ,
and ϕk is the angular coordinate of the vector k.
For the case of one occupied subband, the numerical calculation shows that only q ≪ kF
give a contribution to the integral in (A5). In this range
P˜ (q) ≈ P (q) ≈ 1√
1 + (ql)2
, Q(q) ≈ 1− P (q)
ql
,
and integration in (A5) yields
∆σ2 = − e
2
pi2h¯
ln 2 . (A7)
15
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FIGURES
FIG. 1. The diagrams contributing to anomalous magnetoresistance, a) - d), and similar to
them, e).
FIG. 2. The dependence of the conductivity correction, ∆σ, on magnetic field at various
intersubband scattering rates and different level occupations.
FIG. 3. The dependence of the conductivity correction in zero field, ∆σ(0), on the subband
concentration ratio at different intersubband scattering times, τ1/τ12 = 0 (solid curve), τ1/τ12 = 0.1
(dashed curve), and τ1/τ12 = 0.5 (dotted one).
FIG. 4. The dependence of the high-field limit asymptotics of ∆σ on the subband concentra-
tion ratio at different intersubband scattering times, τ1/τ12 = 0 (solid curve), τ1/τ12 = 0.1 (dashed
curve), and τ1/τ12 = 0.5 (dotted one).
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